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ABSTRACT. We study the nodal solutions of the Lane Emden Dirichlet problem 
-Au = \u\ p ~ l u, in £2, 
h = 0, on dQ.. 

where £2 is a smooth bounded domain in R 2 and p > 1 . We consider solutions u„ satisfying 



'/j 



,| 2 — > I6ne as p — > +°« (*) 



and we are interested in the shape and the asymptotic behavior as p — > +°o. 

First we prove that (*) holds for least energy nodal solutions. Then we obtain some 
estimates and the asymptotic profile of this kind of solutions. Finally, in some cases, we 
prove that pu p can be characterized as the difference of two Green's functions and the 
nodal line intersects the boundary of £2, for large p. 



1. Introduction 
We consider the superlinear elliptic boundary value problem 

I —Am = \u\ p ~ l u, in £2, 



u = 0, on dLl, 



where £2 is a smooth bounded domain in M 1 and p > 1 . 

By standard variational methods we know that problem ( ZP p i has a positive ground state 
solution. Moreover many other results about the multiplicity and the qualitative properties 
of positive solutions in various types of domains have been obtained in the last decades. 



In this paper we are interested in studying sign changing solutions of ( 3 s p i. In contrast 



in 



with the case of positive solutions not much is known on nodal solutions of (W 
particular about their qualitative behavior. Let us therefore recall some recent results. In 
the paper J9) A. Castro, J. Cossio and J. M. Neuberger proved the existence of a nodal 
solution with least energy among nodal solutions, which is therefore referred to as the 



least energy nodal solution of Problem ( £P p i. T. Bartsch and T. Weth showed that these 



solutions possess exactly two nodal regions and have Morse index two (see Q). Since 
positive ground state solutions have the symmetries of the domain £2, if £2 is convex, by 
the classical result of |[T3l , a natural question is whether least energy nodal solutions also 
inherit the symmetries of the domain £2. In (2 A. Aftalion and F. Pacella proved that, in 
a ball or in a annulus, a least energy nodal solution cannot be radial. In fact, in dimension 
N, they cannot be even with respect to more than A — 1 orthogonal directions. They also 
proved that the nodal set touches the boundary. On the other hand, T. Bartsch, T. Weth and 
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M. Willem in [?] and F. Pacella and T. Weth in [ 1 8 ] , with different methods, obtained partial 
symmetry results: they showed that on a radial domain, a least energy nodal solution u has 
the so-called foliated Schwarz symmetry, i.e. u can be written as u(x) = u(\x\,% -x), where 
B, £ M. N and ii(r, •) is nondecreasing for every r > 0. In fact, as they are not radial, u(r, •) 
is increasing. In dimension N, it implies that the least energy nodal solutions are even 
with respect to iV — 1 orthogonal directions. Concerning the "last direction", in f71 FBI . 
D. Bonheure, V. Bouchez, C. Grumiau, C. Troestler and J. Van Schaftingen proved that 
for p close to 1 the least energy nodal solution must be odd with respect to this direction. 
Moreover, it is unique up to a rotation. For general open bounded domains, they prove that 
least energy nodal solutions must respect the symmetries of their orthogonal projection on 
the second eigenspace of —A when p is close to 1 . 

In this paper we study the profile and other qualitative properties of low energy nodal 
solutions of problem ( 3 s p I as p — > +°° and £2 C M 2 is any bounded smooth domain. For 
ground state positive solutions the same analysis has been done by X. Ren and J. Wei 
in 1201 and 1191 . obtaining, in particular, L°° estimates. This result has been improved 
by Adimurthi and M. Grossi in [Q] (see also 1101 ) who computed the exact value of the 
L°°-norm at the limit, by a different approach. 

Here by low energy we mean that we are interested in the families of nodal solutions 
{u p ) p> \ satisfying 

p I |Vm„| 2 — > \6ize as p -> +°°. (A) 
Ja 

Note that as a consequence of ( 1201 ) and as it will be clear later, this kind of solutions 
cannot have more than 2 nodal regions for p large. 

Let us observe that there are nodal solutions of ( & p i satisfying SK\ . In fact least energy 
nodal solutions are among those and we have: 

Theorem 1. The condition ([A]l holds for any family of least energy nodal solutions. 

To describe our results we need some notations. In Hq (£2), we use the scalar product 
(n,v) = J a Vm • Vv and denote by the usual norm in L 9 (£2) and by d(x,D) the distance 
between a point x £ M 2 and the set D CM. 2 . Let us consider a family of nodal solutions 
(np)p>i. Throughout the paper, we assume that u p are low energy solutions, i.e. (|Aj holds. 
The positive part m+ (resp. negative part u p ) are defined as ul := max(« p ,0) (resp. u~ := 
min(wp,0)). 

Let us define the families (xp~) p> \ (resp. (x~ ) p >i) of maximum (resp. minimum) points 
in £2 of Up, i.e. u p (xp) = \\up~ \\ m and u p {x~) = — ||m~ ||«, and assume w.l.o.g. that u p (xp) = 
||up||oo, i.e. Up(xp) > —u p (Xp). To start with, we prove that xp~ cannot go "too fast" to the 
boundary of £2 which is the key point to make some rescaling around x+ and obtain a limit 

profile on R 2 . More precisely we prove that d ^ x p' da ^ _ ^ +00 (see Proposition l3.11 l. where 

ep 2 :=pUp(x+y-\ 



Then we get the following result. 
Theorem 2. The scaling of u p around x^ : 

Zp(x) := + (u p (e p x+x p ~)-u p (xp~)) 

Up[Xp ) 

defined on £2 + (e ;) ) := ^ £ Xp converges, as p — > °° to a function z in C 2 ()C (M 2 ). More- 
over z must solve the equation — Az = e z on R 2 , z < 0, z(0) = 0, fgi e z = 87T and z(x) = 

As a consequence of the previous theorem, we deduce that e p d(xp~ ,NL p ) — > +°° as 
p — > 00, where NL p denotes the nodal line of u p . So, in some sense, the rescaled solution 
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about x+ ignores the other nodal domain of u p . This implies that we can repeat the same 
kind of rescaling argument in the positive nodal domain £2+ := {x £ £2 : u p (x) > 0} of u p . 



Hence, defining £2 + (e p ) := p ' '' , we get the analogous of Theorem[2] 



Theorem 3. The function z p : & + {e p ) — > R converges, as p — > +°°, to a function z in 
Cf 0C (M. 2 ) as p — > o°. Moreover z must solve the equation —Az = e z on R 2 , z < 0, z(0) = 0, 

J]g2 e z = %n and z(x) = log 



At this point, to the aim of studying the negative part u p , let us observe that we can have 
two types of families of solutions satisfying the assumption (©, the ones which satisfy 

(B) there exists K such that p (u p (x p ) + u p (x p )) — ^ K; 
and the ones which satisfy 

(B') p(u p (x+) + u p (x-))^oo. 

The meaning of (B) is that the speeds of convergence of the maximum and the minimum 
of u p (multiplied by p) are comparable. Instead the condition (B 1 ) implies that one of the 
two values converges faster than the other one. 

Remark 4. It is easy to see that nodal solutions of type (B) exist. Indeed, if £2 is a ball, 
it is enough to consider the antisymmetric, with respect to a diameter, solution with two 
nodal regions. We believe that also solution of type (B') should exist and we conjecture that 
the radial solution in the ball, with two nodal regions, should be of type (B'). However, 
the complete characterization of low energy solutions in the ball will be analyzed in a 
subsequent paper. 

In this paper we investigate the alternative (B) that we conjecture holding for the least 
energy nodal solutions. 

First, we prove that, as for x p , the condition (B) implies that e p d(x p ,d£l) —> +°° as 
p — > oo. Then we get the following result. 



Theorem 5. If (B) holds then the scaling of u p around x p 

_P 

M p ip^p ) 



defined on £2 (e p ) := — £ Xp converges, as p — > +°° to a function z in Cf 0C (18L 2 ). Moreover 



(1+ 



Z must solve the equation —Az = e z on R , z < 0, J R 2 e z = 87T and z(x) = log 
for some < pi < 1. When K — in condition (B), we get [1 = 1. 

As for the case of x+, as a consequence of Theorem [5] we get that E p d(x p ,NL p ) —> 
+oo, which allows to do the same rescaling in the negative nodal domain Q. p := {x £ £1 : 
u p (x) < 0}, obtaining the analogous of Theorem|5] 

Theorem 6. If (B) holds, the function 

Zp(*) : = TT^TT (- u p( £ P x+x p) - IKII°°) 

defined on Q. (e p ) := A/J converges, as p — > +°°, to a function z in C^ C (R 2 ). Moreover 

z must solve the equation —Az — e~ on R 2 , z < 0, J R 2 e z = 8k and z(x) = log ^ 1+ u^ 
for some < [I < 1. When K = in condition (B), we get [1 = 1. 

Remark 7. Another natural condition to make the rescaling in the negative nodal domain 
without assuming condition (B) could be to consider the parameter 

E- 2 =p\u- p {x- p )\P-' 
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which is now just related to the negative part of u (we are not using the LT-norm of u p but 
the L°°-norm of Up) and assume that E p d(x~ ,NL p ) — > +°° (as before NL p is the nodal line 
of Up) . This assumption is essentially equivalent to condition (B) and allows to prove that 
E p d(x~ ,d£l) — > +°° (see Proposition \3.3\) . Then one could repeat the proof of Theorem\6\ 
obtaining for z p (x) := — (m~ (e p x + Xp ) — u p (x~)) the same assertion asforz p . 



If the positive part of u, i.e. u p , as a solution of \3^ p \ in Cl + {e p ), has Morse index one 
then the previous results allow to obtain the exact value of the limits of 1 1 u p \ | as p — > +°°. 



Theorem 8. Let us assume that the Morse index of u^ as a solution of ( 2? p I in is one. 
Then we have: ||«p"||oo — > e 1 / 2 . If also (B) holds then \\uZ ||o» — > e 1 / 2 . 

The result of the previous statement is similar to the one obtained in Q] for the least 
energy positive solution of ( ~W p 



Let us remark that the additional assumption on the Morse index of u p holds for any 
nodal solutions with Morse index 2, hence, in particular, for least energy nodal solutions. 
Our last result gives the asymptotic behavior of the nodal solutions in the whole domain 

n. 

Let us denote by G(x,y) = — 4- log \x—y\ +H(x,y) the Green's function of Q. and by H 
its regular part. Finally, let x ± be the limit point of x^ as p — > +°°. 

Theorem 9. Under the same hypothesis of Theorem^ pu p converges, as p — > +°° to the 
function 87Te 1 / 2 (G(-,x + ) — G(-,x~)) in c (of oc (£l\ {x~ ,x + }) and x + ^ x~ € Q.. Moreover 
the limit points x + and x~ satisfy the system 

axj oxt 

■jr-{x~ ,x + )- ^-(x~,x~) =0, 
axj axi 

for i = 1,2. Finally, the nodal line of u p intersects the boundary of SI for p large. 

The result of Theorem [9] gives a very accurate description of the profile of the low 
energy solutions of type (B) in terms of the Green function of Q. and of its regular part. 
It is also remarkable that the property that the nodal line intersects dQ. holds for this kind 
of solutions in any bounded domain i2, extending so the result proved in ]2] for least 
energy solutions in balls or annulus. It is also reminiscent of the property of the second 
eigenfunction of the laplacian in planar convex domains (see ITTl ). though we are not 
analyzing the case of p close to 1 as in iTTl fT?!! . 

Let us remark that nodal solutions with this property have been constructed in lfl2lfTTI . 
Finally we would like to point out that our analysis is similar to the one carried out in [S] 13 
6 1 for low energy nodal solutions of an almost critical problem or of the Brezis-Nirenberg 
problem in dimension N ^ 3. However, the techniques and the proofs are completely 
different since in J4| [5] |6) the nodal solutions whose energy is close to 2Sn {Sn is the best 
Sobolev constant in Mr) can be written almost explicitly. 

The outline of the paper is as follows. In Section 2, we recall the variational character- 
ization of the problem and we prove Theorem[T]and some useful asymptotic estimates. In 
Section 3, we show that x+ cannot go too fast to the boundary and then prove Theorem[2] 
and Theorem|5]using a rescaling argument on the whole domain i2. Then, using a rescaling 
argument on the nodal domains, we prove Theorem [3] and Theorem [6] In Section 4, we 
improve the bounds given in Section 2 to obtain Theorem[8] Finally, in Section 5, we prove 
Theorem|9] 

Acknowledgment We would like to thank A. Adimurthi for some useful discussions, 
in particular about the proof of Proposition 13. II 
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2. Variational setting and estimates 



We recall that solutions of problem ( £? p i are the critical points of the energy functional S p 
defined on Hq (£2) by 

2 Jn p + 1 J a 

The Nehari manifold j¥ p and the nodal Nehari set j£ p are defined by 

JV P := {m£// 1 (£2)\{0}: (d£ p (u),u) = 0}, M p := {u &H Q l {0.) : € jT p }, 

where u + (x) := max(i<(x),0) and u~(x) := min(u(x),0). If u <E Hq (£2), u + ^ and u~ ^ 
then m <G J% p if and only if 

/ |Vm+| 2 = / |« + r +1 and / |Vtr| 2 = / \ U -\" +l . (1) 
Ja Ja Ja Ja 

For any m^O fixed, there exists a unique multiplicative factor a such that au G jV p . If 
m changes sign then there exists an unique couple (a+, ce_) such that a+M + + tt-iC € ^# p . 

The interest of jV p (resp. ./# p ) comes from the fact that it contains all the non-zero (resp. 
sign-changing) critical points of S p . If u minimizes S p on jY p (resp. ^ p ) then u is a (resp. 
nodal) solution of Problem ( £P p i usually referred to as the ground state solutions (resp. 
least energy nodal solutions). So, we need to solve 

irfl(i--V) / |V«| 2 1 on / |V«±| 2 = / 



,2 p + 

to characterize the least energy nodal solutions. 

Theorem 2.1 (T. Bartsch, T. Weth |f3]). There exists a least energy nodal solution of prob- 
lem ( S? p I which has exactly two nodal domains and Morse index 2. 



To start with, we show that each family of least energy nodal solutions for Problem ( 3P p 



is a family of low energy nodal solutions, i.e. satisfies condition (A) of the introduction. 
To this aim let us prove an upper bound and a control on the energy. 



For 



Lemma 2.2. Let [u p ) p> \ be a family of least energy nodal solutions of Problem ( & p 
any £ > 0, there exists p e such that, for any p > p £ , 

pS p {u p )=p{\--^—) j \Vu p \ 2 <8Ke + £. 
'2 p+l J a 

Proof. Let a,b £ Q.. Let us consider < r < 1 such that B(a,r),B(b,r) C £2 and B(a,r)<~) 
B(b,r) = 0. Then, we define a cut-off function p : £1 — > [0, 1] in ^J°(£2) such that 

( 1 if|*-a|<r/2, 
jo if|x-a|>r. 

First we introduce the family of functions W p : £2 — > M. which are defined on B(a,r) as 
W p (x) := <p(x)Vi f 1 

, ,2 

where z(x) = — 21og(l + and £ 2 := — ;Lrr- The functions W,, vanishes outside the 

8 ' P\fe' 

ball r). We claim that 




w P r i = *—+o(i/ P ), 

a p 

yW p \ 2 = ^+o(l/p). 
a p 
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Indeed, setting ^— = y/ and using the fact that La e z = 8 7C, 



\W P \" +l = {V~e) p+l 4 L a <p(ey + ay +l (l + 

e* + o(l) 
o(l/p). 



dy/ 



P 



P 



Concerning /q|VW p | 2 , we get that 



/ |vw p 
in 



<p 2 M 



z((x-a)/e p ). 



|v<p(x)| 2 



z((x-a)/ep) 



in p p 



The first term gives 



in 



i((x-a)/e p ) 



- / 16(? 2 W 
p z in 

16e ' 



2\2 



(8 £ 2 + | x - fl | 2 ) 

l,._„|2 



P 2 |iB(a,r/2) (8e 2 + |x-fl| 2 ) 2 Jn\B(a,r/2) 



— 27T 

P 2 



72 

(8e 2 + 



2^2 



■0(1)). 



Setting y/ 2 = t and integrating, we get 



■/2 



r i 

5^1 = o l0 S 



/o (8e 2 + y/ 2 ) 2 2 
So, we get 



^ + 8e 2 



8£ 2 



<p 2 (x) 



V 



z((x-a)/e p ). 



1 / 8£^ \ 



■ (l og e p + 0(l)) 



32en ( p-l 



8ne 



-o{p) + 0{\) 



■o(l/p). 



The second term gives the existence of a constant K > such that 



|V<p(*)| 2 U/i(l 



z((x-a)/e p ) 



) = 



B(a,r)\B(a,r/2) 

1 +2max ren \ B( „ j/ p) 



|V<p(x)| 2 



log 



z((x-a)/e p ) 



K) 



= o(l/p). 

The third term can be treated with similar techniques. So, finally, we get 

\VW p \ 2 = —+o{l/p) 
n p 

which proves the claim. 

Then, we define the family of test functions W p : Q. — >• M which are defined on B(a,r) 

as W p and on B(b,r) as the odd reflection of Wp. The functions W p vanishes outside the 

two balls B(a,r) mdB(b,r). So, \\VW±\\l = 2S +o(l/p) and HW^H^J = *2£+ (l/p). 
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Clearly, the unique multiplicative factor a p := a+ such that a^Wp € jY p equals the unique 
multiplicative factor a ; 7 such that tt~W~ E j¥ p . To characterize it, we need to solve 



It implies that 



i 

±|2 \ FT 



L\W\ P 



±ip+i 



(2) 



So, as Up is a minimum for the //J -norm on ^ p and /fl|V«p| 2 = Jq|Vk+ 1 2 + Jnl^ M p I 2 ' 
we conclude that 



As the right-hand side converges to 87Te, we get the assertion. □ 



I 2 



Lemma 2.3. Lef (u p ) p> i be a family of least energy nodal solutions of Problem ( 3? p I. For 
any £ > 0, f/iere ex/sfs p £ smc/z that, for any p > /? £ , 

.1 1 



K P M=P(^— t) / |V Mp | 2 >87r e -e. 



Proof. To do this, we prove that for any sequence p„ — > +°° liminf„^ +0 op„ — ^4pr) Jnl^ 7 "/),, P — 

\%e. On one hand, 1 = I L" ± . On the other hand, in Q20| (page 752), it is proved that, 

m\ yu pn\ 

for any t > 1, ||m||, < D t t x l 2 \\ V«|| 2 where D t -> (87Te) -1 / 2 is independent of m in Hq (£2). 
So, we obtain 

i<d-:i^ + i)^(/jv<i 2 

i-e- / fl |Vu± | 2 > DpJ'f (Pn + l) - *^. Thus, 

As P " P „+i converges to 1 and the right-hand side converges to Ane, we get the assertion. 

(p„+l)^=T 

□ 



Proof of Theorem\J}: it follows from Lemma I2T2I and Lemma |231 

□ 



Remark 2.4. 77?e proof of Lemma \23\ does not depend on the fact that u Pn is a least energy 
nodal solution. Indeed, for any {u p ) p> \ verifying (TA1 , as p — > +°°, we get 

• P(l ~ T>) ./nl V "p I 2 "> 47re - P./nl V "p I 2 -> 87rea/fc//>/ n |Vw p | 2 -> 16ne. 

. -> 0, J a \Vu p \ 2 -> 0, J n |V M -| 2 -> and J n |V«+| 2 -> 0. 

Moreover the proof of Lemma \23\ implies. as corollary, that u p has 1 nodal domains for p 
large. 

From now on, throughout the paper, we consider a family (u p ) p> \ of nodal solutions for 
which (|A]) holds. The following result shows an asymptotic lower bound for the L°°-norms 
of u^ and u p . We denote by X\(D) the first eigenvalue of —A with Dirichlet boundary 
conditions in a domain D and by both the maximum or the minimum point of u p , as 
defined in the introduction. 

1 

Proposition 2.5. For any p > 1 we have that \u p (x^ )| A/' 1 where X\ := X\ (£2). 
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Proof. Using Poincare's inequality, we get 

Ia\4\ p+l < K(4)\ p ~ l U4) 2 

<\u p (xf)\P- l Xr\Clf), 

where are the nodal domains of u p . As Cl^ C i2, we have X\ (H* ) > X\ which ends the 
proof. □ 

Remark 2.6. We have 

• For any £ > 0, \u p {x^ )| > 1 — sfor p large. In particular this holds for \\u p \\ L +<*.. 



v „ ii- ij i/uiifiutu jiuiii L/ciuvv, — p — ' -j- 12 ana — f — r= — 

' ia\ Wu p\ Jnl VM p 

converge to +°° w/jen /? — > +°°. 



• By Remark \2.4\ as \u p (x^)\ p 1 is bounded from below, "'' j^' ±. 2 and 



The next result gives a direct argument to prove that the L°°-norms of m+ and u p are 
bounded. It will be improved in the next sections. 

Proposition 2.7. We have that u p (x^) is bounded as p — > +°°. 

Proof. Let us make the proof for the positive case. By Proposition 12.51 we only have to 
prove that u p (xp~) is bounded from above. Let us denote by G the Green's function on D.. 
As |G(x,y)| < C|log|x — y\ \ for any x,y G £2 and some independent constant C > 0, using 
the Holder inequality we have 

u p (x+) = J^G(x;,y)\u p ( y y- l \u p (y)dy 

<C [ \log\ X ; -y\\\u p (y)P\dy 



<C[ |log|je+-y|j^dy I 



e 

p- 1 



Since /;> 1 — > 167Te as — ^ +°o (see Remark l2~4l i. it is enough to show the existence 
of a constant C > such that 



jjlog|*+-y|r 1 dy<C( / ? + 



p+2 



Let us consider R > such that C B(x p ,R) for all «. Then there exists a constant K > 
such that 

/ |log|x;-y|| p+1 dy< / llog^-yir+'dy^ [* \logr\" +1 rdr. 
Jo. Jb(x p .r) Jq 

Integrating ([p] + 1) -times by parts, we get 

^|log|x+-y|K J+1 dj < K{\\og(R)\" +l + (p + l)|log(*)|' + ■ ■ ■ + (p + I) - • • (p- [p] +2) 

|log(fl)r + + l)p ■ ■ ■ (p - \p) + 1) [ R \\ogr\P-^rdr. 

Jo 

Thus, there exists C such that for large n 

\log\x+-y\\P +i dy<C( P + iy +2 , 
which ends the proof. □ 
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3. Asymptotic behavior 



For the rest of the paper, w.l.o.g., let us assume that 



u. 



u p (x+) for any p > 1. 



In this section we use several rescaling arguments to characterize the asymptotic behav- 
ior of Up. 

Let us define el := — , L„ , 

P pu p (xJ)P 1 



by Remark lZ6 



3.1. Control close to the boundary. We prove that x+ cannot go to the boundary of £2 
too fast. 



Proposition 3.1. We have 



d(x+,dD.) 



-|-oo 



(3) 



as p — > +°°. 

Proof. Let us argue by contradiction and assume that, for a sequence p n 



d(x+dO) 



I > and that xt ~ > x* g <9£2 (i.e. 



i). 



First, we treat the case when <9£2 is flat around x*. We consider a semi-ball D centered 
in x* with radius R such that D C £2 and the diameter of D belongs to <9£2. For large n, 
let us remark that xt belongs to D. Then, on A := B(x*,R), we consider the function m* 
which is defined as u Pn on D and as the odd reflection of u Pn on A \ D. It is a solution of 
—Am = \u\ Pn ~ l uonA. For large «, we consider 



4W 



on £2 



U pn ( X Pn ) 

t 2 . On Q.* we get from © 



( M ; n (e Pn x+^+)-«; n (x+)) 



(4) 



pn 



1 



1 



Pn 



Pn 



< 1. 



Let us fix R > 0. For large «, B(Q,R) C £2* and we consider the problem 

7 * Pn— 1 T * 



1 + ^L 



"Pn 



0. 



+ inB(0,i?), 
P« 

on dB(0,R). 



Since, by ©, 



Pn 



< 1, we have that \w r . 



v Pn i is uniformly bounded by a constant C 
independent of n by the maximum principle and the regularity theory. Moreover, because 
Zp„ < 0, we have that y/ Pn = z p „ — w Pn is an harmonic function which is uniformly bounded 
above. By Harnack's inequality, y/ Pll is bounded in Lf°(B(0,R)) or tends to — °° on each 
compact set of B(0,R). As y/p„(0) = Z Pn {0) - w Pn (0) > -C, we get that \\f Pn and z p „ are 
uniformly bounded on each compact set of B(Q,R). 

d(x x ) Xx—x^ 

Since we are assuming that ''" " * — > I we get that y„ := . p " G B\Q,l + 11 for large 

E Pn L Pii 

n and z p „ (y„) = —Pn — > —°° which is a contradiction. 

Next, we treat the case when dQ. is not locally flat around jc* but is a 'rf -curve. We 
consider a ^ -domain D which is the intersection of a fixed neighborhood of and £2. 
Let us define the square Q := (- 1 , 1 ) 2 , Q+ := (- 1 , 1) x (0, 1 ) C Q and S := (- 1 , 1 ) x {0}. 

We consider the change of variables 9 : D—> Q + and (p(DP\dQ.) = S (see (8) to get that 
(p is well-defined and can be assumed to be < rf 1 (D)). Moreover <p~ 1 € < ^' 1 
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We fix a positive function 0eC 2 such that 9 o <p~ l : Q+ — > K equals on dQ + \ S and 
d v 9 o (p^ 1 = on S where d v denotes the normal derivative. We extend o (p^ 1 on Q by 
even symmetry with respect to S. 

On Q, we define u Pn as 9 ((p~ l (•))u Pn ((p~ 1 (■)) on Q + and the odd symmetric function 
on Q \ Q + ■ Since du Pn solves 



Au = e\u Pn \P"- 1 



u Pn -2V6Vu Pn -(A6)u Pn =:g Pn 



(5) 



with Dirichlet boundary conditions on D, by the change of variables y = (p(x), we get that 
u Pn solves for some matrix A Pn 

-div{A Pn Vu)=h Pn 

with Dirichlet boundary conditions on Q and where h Pn is g Pn o (p~ l on Q + and the anti- 
symmetric on Q \ Q + . Coming back to Q. by the change of variables x = (p~ l (y) we get 
that Qu* pn = u Pn (q>{-)) solves -Am = h Pn o tp on A := (p~ l (Q). 

As is positive, it implies that u* Pn solves —Am = |m| p " _1 m on A. 

We conclude by working in the same way as in the first case. 

□ 



3.2. Rescaling argument in Q. around x+ : limit equation in M 2 . The idea is inspired 



by U. Let us consider Q. + (e p ) 



n-. 



— and z p : H + (e p ) — ^ M the scaling of u p around xt : 



Up{pCp ) 



(u p (e p x+x p ~)-u p (x p ~)). 



(6) 



Proof of Theorem\2\: Let /?„ be a sequence, p n 
have that z Pn solves the equation 



-oo. As in the previous proof, we 



Pn 



Pn-1 



Pn 



'-Pn 



1 + ™ 
Pn 

= ~Pn, 



< 1 



inn+(e p „), 



on d£l + (e Pn ). 



Let us fix > 0. By Proposition 13.11 we know that 



d(x+da) 



-oo. So,£2 + (e P(1 ) 



"converges" to R 2 as p„ — > +°°, i.e. B(Q,R) C n + (£p n ) for large «. Let us consider the 
problem 



-Aw„ 



;i + f£i), inB( ,/?), 
on dB(0,R). 



Since, by (O, 1 + '-y- < 1, we get that \w Pn \ < C independent of n. By arguing as before, 

we get that \jf Pn and z p „ are bounded up to a subsequence in L°°(B(0,R)) for any R. 

Thus, by the standard regularity theory, z Pn is bounded in Cf 0C (M?) and, on each ball, 
1 + ^ > for large n. We have that z Pn -> z in ^(R 2 ) and -Az = e ; . 



ESTIMATES AND ASYMPTOTIC BEHAVIOR FOR LANE EMDEN PROBLEM 



11 



To finish, we prove that J R 2 e z < +°°. We have that z p „ + p n (log 1 1 + ^ | — ^) con- 
verges pointwisely to z in R 2 . By Fatou's lemma, we deduce 



lim 

« Jn+fe 



1 + 

Pn 



<lim 



= lim/ —Pf—\u pn \r» 

<nm p " f \ Upn r+ l y^ +1 \ 

" \u Pn {xJ n )\ J a 

By Proposition ^. 5l and Remark [2~4l we deduce that J R 2 e z < I6ne. The solutions of — Az = 
e z with J R 2 e z < +°° are given by z(x) = log ( ^ l+ n^_ Xo ^2 ^ f° r some M > 0- 

As z(;t) < z(0) = for any x, we have that /i = 1 and xq = 0. Finally, J K 2 e z — 87T. 

□ 

3.3. Rescaling argument in the positive nodal domain. Theorem [2] implies directly a 
control on d(xp,NL p ) where NL p denotes the nodal line of u p . 

Proposition 3.2. We have 

y +oo (7) 

£ P 

as p — > +°° 

Proof. If the assertion is not true then, for a sequence p n +°° the level curve C Pn (z Pn ) = 
{x £ Q. + (e Pn ),z Pn {x) = —p„} intersects B(0,R) for some large R > 0. This is a contradic- 
tion since z p „ is uniformly bounded in all balls. □ 

Proof of Theorem\3\: By Proposition l3.2l we can repeat the proof of Theorem|2]for the 
rescaled function z P {x) in £2+. 

□ 

£2— x~ 

3.4. Rescaling argument on £2 around x~. Let us consider Q.~(s p ) := - '' and z p : 

£2 (e p ) — )• R the scaling of u p around xZ : 

z p W : = f +>. (-«p(e P *+*p) -u p (xp~)). (8) 

U p [Xp ) 

To obtain the same kind of result as that of Theorem|2] we need 

d(x p ,dQ.) 



(9) 



as p — > +°°. To get (|9]i we can repeat step by step the proof of Proposition 13. II The only 
delicate point is the use of Harnack's inequality when we need that y p (0) is bounded from 
below. Nevertheless, requiring that p(u p (x+) +u p (x p )) is bounded (alternative (B) in the 
introduction) we get the boundness of y p (0) and so © holds. This explains the role of 
condition (B) in getting Theorem[5] 

Proof of Theorem\5\: it is obtained following step by step the proof of Theorem[2] The 
constant jj. in the limit function z can be different from 1 because 



whenever K (in condition (B)) is not zero. 
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□ 

3.5. Rescaling argument in the negative nodal domain. We would like to obtain a result 
similar to that of Theorem|3]for the function u p defined in the negative nodal domain Q. p . 
We consider solutions satisfying condition (B). By Theorem [5] working in the same way 
as in the proof of Proposition 13.21 we get that £ p l d(x~ ,NL p ) — > +°°. 

Proof of Theorem®: As (O is satisfied when (B) holds, we can repeat the proof of 
Theorem|3] taking into account the remark in the proof of Theorem[5] 

□ 

We conclude this section by explaining the Remark [7] of the introduction. Let us now 
consider the "natural" rescaling coefficient 

_ 2 _ 1 

£ i>'- p\u p ( Xp )\P-l ^° 

since liminf ; ,^ +0 o|wp(x~)| p_1 > 1 (see Remark l2.6t . We would like to control the rescaling 
of around x p 

ZpW : = — J— T ( U P (£p x + x ~p ) - u p( x p)) ■ 

Up\Xp ) 

The same argument as in the proof of Proposition 13. 1 1 and Theorem [2] does not work 
as we might loose the essential estimate 1 1 + \ < 1 in the proof. So, we do not get 

Proposition l3.2l for xZ and we need to assume that e p l d(x p ,NL P ) —> +°°. 

Proposition 3.3. Assume that £~ d{x~Z ,NL P ) —> +°° as p —> +°° with e p defined as £ 2 := 
p\ u f,(xp)\p-i - Thm £p ld ( x P> da ) -^+°°as p^f +oc. 

Proof. Let us work by contradiction and assume that, for a sequence p„ — > +°°, cl ^i'"' d ^ _ > 
I > 0. Let us also assume w.l.o.g. thatx^ — > x* G d£l (i.e. ^Spftt /). 

— ° Pn £,,„ 

As Ep^d(Xp n ,NL Pll ) —> +°o, we can construct a sequence of ^'-domains D Pn which are 
the intersection between a neighborhood V Pn of x* and Q.~ such that 

£ p *d(x*,dD Pn \dQ.) ^ +°°. 

For large «, we have that x~ belongs to D Pn . So, as u Pn stays negative in D Pn , we can argue 
in the same way as Proposition l3.1l to conclude the proof. □ 

By working in the same way as in Theorem [2] or Theorem [3] Proposition 13.31 allows 
to make the rescaling in the negative nodal domain Qz, so to obtain for — L(m (s p x + 

Xp ) — u p (xp)) the same assertion as for z p in Theorem[3] 

4. L°° -ESTIMATES 

In the last two sections, we will work in the positive and negative nodal domains. While 
dealing with the positive nodal domain, z p will always denote the rescaled function used 
in Theorem [2] For the negative one, the expression of z p can be defined as in Theorem [6] 
when (B) holds (and so with £ p 2 = p\u p (xt 

Let us point out that some proofs will be given just for the positive case, the negative 
one being similar. 

Proposition 4.1. For any sequence p n -> +°° we have limsup„^ +00 |M± (xf n )| < e 1 / 2 . 
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Proof. Let us prove the assertion for the positive case. By Fatou's lemma, we have 

,+ ||Pn+l 



> 



W U Pn\\p„+l 

Pn\H n \\ P p n X\ JSl+ ^Pn) 

limsup„_ >+0 >+ (x+ n ) 2 | 
87re 





Y" +l 2 f 




Pn+1 


\hpn\\pn+l 




Pn 





<-Pn 
Pn 



Pi, 



□ 
Pn+1 



As J R 2 e ; = 87T, the proof is complete. 

Now, we study the equality in the last statement. We will show that Jq±, 

converges to f K 2 e z with no mass lost at infinity. 
Let us consider the linearized operators 

L+(v) = -Av-p\u+\r- l v 

for v : n+ — > R and let us denote by A, (L+) the eigenvalues of with homogenous Dirich- 
let boundary conditions. 

Our aim is to prove Theorem|9] therefore we assume that the Morse index of m+ in £2 + 
is 1 . Hence we have 

Ai (Z+) < and A 2 (L+) > in Q.+ . 
Then, for D C £2 + (£„), let us consider lA D (v) = — Av /" — v and denote by 

Pi \Up [Xp )\* 

Xi{L^ D ) the corresponding Dirichlet eigenvalues. By scaling, we get 



Lemma 4.2. X\ (I+ A+(e?) ) < and h(L+ fi+(Bp 



)>0. 



Lemma 4.3. Lef /? — > +°° ?/iere ex/sfs r > such that Ai {L^ B , r \) < 0/or Zarge p. 

Proof. Let us consider w p = x.Vzp + j^Zp + ^rj-. We have that w p satisfies —Aw 

\u+(e p x+x+)\P- i 

We also have w p (Q) — >• 2. As z p — » z = log (- — f^), for |jc| = r, we get 



w p (*) 



4r~ 



asp^ +°o. So, for large r, w p — > a < on <9B[0,r]. 

Let us fix such a r. By considering A p := {x G B(Q,r) : w p > 0} and the function w p 
equals to w p on A p (0 otherwise), we get 



|Vm> 12 

7fl(0,r) 

which implies our statement. 



\u+(e p x+x+)\P-\ r _ 



wi = 0, 



□ 



Lemma 4.4. For p large, Ai (L + - , . „.„ ,1 > 0, where r is given by Lemma \4~3\ 

1 ° v p,n+(£ / ,)\B(0,r) y ° y 1 — 1 

Proof. IfAi(L^ + , ., , Q ,) was negative then, by Lemma l4~3l we would have A? , - e >)< 
which contradicts Lemmal4~2l □ 



Proof of Theorem\8\: Since we are analyzing nodal solutions which satisfy condition 
(B), it is enough to prove that \\u~t \\o» — > \fe as p — > +°°. Let us argue by contradiction and 



14 



M. GROSSI, C. GRUMIAU, F. PACELLA 



assume that for a sequence p n — > +°°, by Proposition 14. II lim \ut (x~t )| = lim ||„, < 

n— s-°° ' " ' " n— 5-°° ' " 

e 1 / 2 . We claim that this implies z Pn ( x ) ~z(x) < C on Q. + (e Pn ) uniformly. 

Indeed, z p „ converges to z on each compact set. In particular, on B(0,r), where r is 

given by Lemma POl So, it is enough to check what happens in D. + (e Pll ) \B(0,r). 



On one hand, — Az = e z > |1 + || p for any p > 1. On the other hand, by computing 
Z Pn — z on <9£2 + (e Pn ) \ B [0, r] , we get for some uniform constant C 



Zp„(*)-zM = -Pn-log 



,(1 + ^) 2 , 



<-p„-log C- 



Pn 



< - Pn + 2log(p B \u+ (x+ )|' J "- 1 )+41og(d(x+ +C 

<-^ + 21og(p n |«+(4„)l , ' n_1 )+C 
< -p B + 21og(|«+(*+)|*- 1 ) +C<C 

where we used that \ut {xt~ )| < e l l 2 and d(x+,<9i2) < C for large n (by contradiction). 

We also have the estimate on dB(Q,r) because we have the convergence on each com- 
pact set. 

Finally, by convexity, we have 



'-Pn 



-Az < 



l + Zpn 
Pn 



P/j-1 



(z p „ - z) = 



\Up n {4n)\ P "- 1 



-(Zpn-Z)- 



\u + pn {E Pn X + X + pn )\P^ 

Up, 

Since the maximumprinciple holds in n + (e Pn )\fi(0,r) for L+ fi+ ^ (see Lemma l4.4l ). 

we deduce our claim. 

From this claim, we obtain that Jq+( s 



1 + *Z& 
Pn 



P„ + l 



1 



IaK\ p " +l \<«)\ Pn+ \2 



Pn 

2 



Pi, 



J3T + 0(1)), 



p„,n+(ep„)\B(0,r) 
converges to J K 2 e z . So, 



n+( £ „ 



1 + ^ 

Pn 



8ne + o(l) 

which proves that lim^ooIlM^ ||oo = e 1 / 2 , which is a contradiction. 



□ 



of/fl 



5. Green's characterizations 

To start with, we observe that Theorem |8]gives a direct way to prove the convergence 

P+i 



n±( £ „ 



1 + a 



as p 



1 + a 



p+i 



/r2 eZ = 87r - 



Proposition 5.1. A.? p -> +°° /^±^ £ j 

Proof. Let us give the proof for the positive case. For any n <E N, we have 

. z P P+l PlaKA P+l 



n+(£„ 



As the right-hand side converges to 87T, we obtain our statement. 



□ 



The previous result implies a similar statement where the exponent p + 1 is replaced by 
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Proposition 5.2. We have 



as p 



0±(e„ 



87T 



Proof. Let us give the proof for the positive case. On one hand, as 



p 



p+1 



1+f 



< 1, we have 



^ Jh+(e p 



1 + * 



By Proposition l5.ll we get 87T < Uminf ,/n+(f p ) 



1 + | 



On the other hand, as Jq+( £p 
(see Theorem[3]and Theorem|6]l, we have 



1 + 7 



p+i 



8tt and 



p 



p+i 



— >■ e z with f„2 e~ = 87T 



Ve > 0, 3# £ > and p £ : Vp > p E and > /? e , 
By interpolation, we get for any e > that 





i + z JL 


) Q.+ (£p)n{\x\>R} 


P 



p+l 



<£• (10) 



/: 

■In 



l + z JL 




! + ££ 


P 


■/a+(e p )n{|*|<R e } 





< 



< 



n+(e p )n{H<R £ } 



n+(£p)n{W>/? £ } 
1 



n+(£,,)n{|.v|<fl E } 



1 + 2 



1 + 7 



a+(e p )n{\x\>R e } 

r 

n+(e p )n{\x\>R e } 
-i 



P 



l + z JL 



p+l\ p+T 



1 + 2 



p+i\ p+i 



C < 87T and e/ 4 



As fa+(e p )n{\x\<R e } 
for any e > 0, there exists p > such that if p> p then 

p 



e 1 / 4 as /? 



-oo, we get by dTOb that, 



)si+{e p ) 

which implies our statement. 



1 + 2 



< (87r + £) + £" +1 (e'+e), 



□ 



Let us denote by G the Green's function of £2 and by x ± S £2 the limit points of as 



Lemma 5.3. Let x ^ x ± . We have 



n±( £p 



G(x,e P v/ + x±; 



1 



dy/ 8a:G(x,Jc ± ). 



Proof. Let us make the proof for the positive case. Let us fix x ^ x + and consider a > 
such that B(x, a) C £2 and d(x + ,B(x, a)) — j3 > 0. We have 



G(x,e p y- 



1 



1 



+ [ B ( x , a )-4 G(x,e p y+x+) 



1 + 2 



Arguing as in Proposition 15.21 since G(x,£ fl i// + x+) converges uniformly to G(x,x + ) on 
each compact set of K 2 , G(x, •) is bounded on Q.\B(x 7 a) and d 



B{x,a)-x+ 



.0 



we get that the first integral converges to 87rG(x,x + ). Concerning the second integral, 



since x + £ B(x, a), we derive that f B ^ a) _ r + 



1 + f 



fl(x,a) l M p 



0. From the last 
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statement we deduce that we can apply Lemma 3.5 in 1191 and obtain that — — Up . +|/J is 

PJB(x,a) \ u p I 

bounded in B(x, a) and hence u p (x) < A in B(x, a). Then 



,, a) -4 G(x,e P Y+x+] 



Bp 



1 + ^ 



G(x,y) \u+(y)\ p dy 



(\X ( G(x,y)=o(l), 
\2J Jb(xm) 



<P\ 

\^/ JB(x,a) 

which gives our claim. □ 

Let us remark that the convergence in Lemma IBTJl is uniform in x in ^ (£2 \ {x + }). 

Proposition 5.4. Under the same assumptions as in Theorem^ the following alternatives 
hold: 

(1) d(Xp,d£l) — > and d{x~,d£l) -/> 0. Then the function pu p converges, up to a 
subsequence, to the negative function —87te l / 2 G(-,x~) in ^ c (£2\ ; 

(2) d(x~p,d£i) — > and d(x p ,d£l) 76- 0. Then the function pu p converges, up to a 
subsequence, to the positive function 2>Ke l l 2 G{-,x + ) in ^ £ .(£2\ {x + }) ; 

(3) d(Xp,dd) and d(x' p ,dD.) -/> 0. Then pu p converges, up to a subsequence, to 
87Te I / 2 (G(-,x+) - G(-,x~)) in %l c (Q.\ {x~ ,x+}) with x+^x~, x+ , X - e Q. ; 

(4) d(x+,d£l) andd(x p ,dQ.) 0. Then pu p in ^l c {Cl\ {x~,x+}). 

In the case (3), the limit points x + and x~ satisfy the system 



oxi axi 

^-(x~,x + ) - J^-{x~,x~) = 0, 
axi ax. 



(ID 



fori =1,2, where, as in the introduction, H(x,y) is the regular part of the Green function. 
Moreover the nodal line of u p intersects the boundary dUfor p large. 



Proof. We have 



u P (x) = J^G{x,y)\u p (y)\ p l u p (y) dy 

G(x,y)\u p (y)\Pdy~ f_G(x,y)\u p (y)\P dy. 



Let us just treat the first member of the sum. The second one can be treated in the same 
way. With the change of variables y = e p \l/ + x p , we get 

1 



G(x,y)\u p (y)\Pdy. 



'?>+< , nlu+(x+]lP -T G (^ £ pw+4)K( £ pv+4)\ Pdl i / 

£l+(e P ) P\ u p \ x p)V 



G(x,e p \if+xJ 



u+(e p y+x+)\-\\uj 



i G(x, 
jQ+(e n ) 



ll< II--/. 



pWu+wst 1 



P \\ut\\L- 1 



■d\j/ 



■dy/ 



G(x,e P Y+x P ') 



1 + 2 



dy. 



As ||itp||oo -> e 1 / 2 and Jq+( 8 ) G(x,£ p Y+xp~ ) 1 + y ' dy converges to 8nG(x,x + ) (see 
Lemma [531 ). by working in the same way with the second part of the sum, we have 

pu p -> 87Te 1/2 (G(.,x + ) - G(.,x~)) (12) 
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in < ^ c (£2\ {x + ,x }), up to a subsequence. By regularity, it implies the convergence in 
^ c (^\{* + })(see E]). 

Observing that G(.,x + ) = when x + £ dCl, we get the alternatives. In the third case, 
we prove that x + ^ x~ as follows. Indeed, arguing by contradiction, we have that x + = x~ . 
Then, pu p — > in ^ (Co) where CO is a neighborhood of the boundary <9£2. By the Pohozaev 
identity, multiplying by p 2 , we get 

p + 1 Jo, 4 J da 

As the left-hand side converges to I6ne (see Remark l2~4T i and the right-hand side converges 
to (since pu p — > in ^ (Co)), we get a contradiction. 

Now, we prove that x + and x~ solve the system (ITTb . Concerning the location of x + and 
we use a Pohozaev-type identity. For i = 1,2 let us multiply the equation ( 3 s p i by ^ 



and integrate on Br(x + ) C £2, the ball centered at x + and radius R. We have that, 

°=4t/ d ^-\l i^i 2 v ( -= 

£> + 1 JdB R {x+) JdB R {x+) OXi dV 2JdB R (x+) 

h+h+h (13) 

where V; are the components of the normal direction. 
From ( fT2l we get that 



p 



Ph=0[-) asp^+- (14) 



Multiplying ( fT3l ) by p- and using ( fT2l and ( [T4T i we deduce 



l V(G(.^)- G (.,,-))Pv i = 0. 
(15) 



aB«(.v+) dV 2 JdB R {x+ 

The last integral was computed in |[T6l . page 511-512 which gives 

V(G(x+,x-)-//(x+,x+)) =0 (16) 
Repeating the same procedure in Br(x~) we derive that 

V(G(x-,x + )-H(x~,x-)) = (17) 

which gives the claim. 

To conclude the proof, we show that the nodal line of u p intersects the boundary <9£2 
for p large. If not, u p is a one-signed function in a neighborhood of <9£2, which, by Hopf 's 
lemma, implies that d v pu p is one-signed on <9£2 for large p. On the other hand, as x + ^ x~ 
and f da d v (G(-,x + ) — G(-,x~)) = 0, the normal derivative of the limit function changes its 
sign along <9£2. It contradicts the ^'-convergence of pu p to %n^/e(G(- — G(-,x~)) in 
a compact neighborhood of <9£2. □ 



Proof of Theorem^: We need to prove that the cases (1), (2) and (4) in Proposition l5.4l 
cannot happen. To start with, we focus on the case (4). Arguing by contradiction, let 
us assume that x + and x~ belong to d£l. Let D C £2 be an open domain which is the 
intersection between a neighborhood of x + and £2. We assume w.l.o.g. that x~ ^ D when 
x + 7^ x~ and x~ ^ dD when x + = x~. We have that pu p — > in ^ C (D\ {x + }). Using 
the same notations as in the proof of Proposition 13. 1 1 (for Q, Q + , S,...), we consider the 
change of variables <p : D — > (2 + and ^)(/)n <3£2) = 5. Moreover cp -1 S "jf. Then, we 
define D* := (p~ 1 (g) and m* which is u p on D and the odd tubular reflection on D*\D (as 
in the proof of Proposition I3.lt . We get that m* solves —Am = |w| p w on D* and pu* — > 
in ff 1 (Co*) where co* C D* is a neighborhood of the boundary (3D* avoiding x + . Using the 
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Pohozaev identity and multiplying by p 2 , we get the existence of constants K, K* and K* 
such that 

* \p+i 



\ u ;\ p+1 =k {x-v){d v {pu* p )y&%+K* ( x -v)(d t ( pu ;)ydT+ 

JdD* JdD* 

2 ' ' 

K **_P_ f \ u *\P+\ 

p+lJdD' 1 

As pu* p — > in ff 1 (D* \ {x + }), the right-hand side is converging to zero. To get a contra- 
diction, we prove that the left-hand side is not converging to zero. For this, we claim that 
P Id* I u *p I P+ 1 converges to C > 8 ne. If not, as p J n \ u~ \ p+ 1 8 ne and p J n \ u p \ p+ 1 1 6ne, 
we get the existence of a positive constant y/ such that 



Jl: 



p\u p \\u p \ p > y/ 

Q\(D*UB(x- : S)) 

for any 5 > and large p. It contradicts pu p — > in if 1 (£2 \ {x + }). 

To finish, let us prove that the case (1) cannot happen (the case (2) is similar). Working 
in the same way, we construct an open domain x + £ D* such that u* p solves —Am = \u\ p ~ l u 
on D* and pu* p — s- G(-,x~) in ^(of) where of is any compact set in D* \ {x + }. Using 
again the Pohozaev identity and multiplying by p 2 , we get equation d 1 8t > . Working as 
previously, as pu p — > G(.,x~) and u p — >• in ^^(£2 \ {^ + }), the left-hand side converges 
to C > %ne. Concerning the right-hand side, as G(.,x~) £ ff 1 (£2) and G(-,x~) = on <9£2, 
we can consider D* small enough such that the two last terms converge to constants less 
than 8ne/3. For the first one, as there exists a constant K > such that |VG(.x,y)| < tj^Tj 

we get that (d v G(- ,x~)) 2 is bounded in a neighborhood of x + . Taking D* small enough, we 
also get that the first term converges to a constant less than 87Te/3 which is a contradiction. 

□ 

References 

[1] Adimurthi and Massimo Grossi. Asymptotic estimates for a two-dimensional problem with polynomial 

nonlinearity. Proc. Amer. Math. Soc, 1 32(4): 101 3-1019 (electronic), 2004. 
[2] Amandine Aftalion and Filomena Pacella. Qualitative properties of nodal solutions of semilinear elliptic 

equations in radially symmetric domains. C. R. Math. Acad. Sci. Paris, 339(5):339-344, 2004. 
[3] Thomas Bartsch and Tobias Weth. A note on additional properties of sign changing solutions to superlinear 

elliptic equations. Topol. Methods Nonlinear Anal, 22(1): 1—14, 2003. 
[4] Mohamed Ben Ayed, Khalil El Mehdi, and Filomena Pacella. Blow-up and nonexistence of sign changing 

solutions to the Brezis-Nirenberg problem in dimension three. Ann. Inst. H. Poincare Anal. Non Lineaire, 

23(4):567-589, 2006. 

[5] Mohamed Ben Ayed, Khalil El Mehdi, and Filomena Pacella. Blow-up and nonexistence of sign changing 
solutions to the Brezis-Nirenberg problem in dimension three. Ann. Inst. H. Poincare Anal. Non Lineaire, 
23(4):567-589, 2006. 

[6] Mohamed Ben Ayed, Khalil El Mehdi, and Filomena Pacella. Classification of low energy sign-changing 
solutions of an almost critical problem. /. Funct. Anal, 250(2):347-373, 2007. 

[7] Denis Bonheure, Vincent Bouchez, Christopher Grumiau, and Jean Van Schaftingen. Asymptotics and sym- 
metries of least energy nodal solutions of Lane-Emden problems with slow growth. Common. Contemp. 
Math., 10(4):609-631, 2008. 

[8] Haim Brezis. Analyse fonctionnelle. Collection Mathematiques Appliquees pour la Martrise. [Collection of 
Applied Mathematics for the Master's Degree]. Masson, Paris, 1983. Theorie et applications. [Theory and 
applications]. 

[9] Alfonso Castro, Jorge Cossio, and John M. Neuberger. A sign-changing solution for a superlinear Dirichlet 

problem. Rocky Mountain J. Math., 27(4): 1041-1053, 1997. 
[10] Khalil El Mehdi and Massimo Grossi. Asymptotic estimates and qualitative properties of an elliptic problem 

in dimension two. Adv. Nonlinear Stud., 4(1): 15-36, 2004. 
[11] Pierpaolo Esposito, Monica Musso, and Angela Pistoia. Concentrating solutions for a planar elliptic problem 

involving nonlinearities with large exponent. /. Differential Equations, 227(l):29-68, 2006. 
[12] Pierpaolo Esposito, Monica Musso, and Angela Pistoia. On the existence and profile of nodal solutions 

for a two-dimensional elliptic problem with large exponent in nonlinearity. Proc. Lond. Math. Soc. (3), 

94(2):497-519, 2007. 



ESTIMATES AND ASYMPTOTIC BEHAVIOR FOR LANE EMDEN PROBLEM 



19 



[13] Basilis Gidas, Wei Ming Ni, and Louis Nirenberg. Symmetry and related properties via the maximum prin- 
ciple. Comm. Math. Phys., 68(3):209-243, 1979. 

[14] Christopher Gramiau and Christophe Troestler. Oddness of least energy nodal solutions on radial domains. 
Elec. Journal of cliff, equations, Conference 18:23-31, 2010. 

[15] Zheng-Chao Han. Asymptotic approach to singular solutions for nonlinear elliptic equations involving crit- 
ical Sobolev exponent. Ann. Inst. H. Poincare Anal. Non Lineaire, 8(2):159-174, 1991. 

[16] Li Ma and Juncheng C. Wei. Convergence for a Liouville equation. Comment. Math. Helv., 76(3):506-514, 
2001. 

[17] Antonios D. Melas. On the nodal line of the second eigenfunction of the Laplacian in R 2 . /. Differential 

Geom., 35(l):255-263, 1992. 
[18] Filomena Pacella and Tobias Weth. Symmetry of solutions to semilinear elliptic equations via Morse index. 

Proc. Amer. Math. Soc, 135(6): 1753-1762 (electronic), 2007. 
[19] Xiaofeng Ren and Juncheng Wai. Single-point condensation and least-energy solutions. Proceedings of the 

AMS, 124(1): 11 1-120, 1996. 
[20] Xiaofeng Ren and Juncheng Wei. On a two-dimensional elliptic problem with large exponent in nonlinearity. 

Trans. Amer. Math. Soc., 343(2)749-763, 1994. 

dlpartimento di matematica, universita' di roma "sapienza", p. le a. moro 2, 00185 roma, 
Italy 

E-mail address: grossi@mat .uniroma . it (M. Grossi) 
E-mail address: pacella@mat . uniroma . it (F. Pacella) 

INSTITUT DE MATHEMATIQUE, UNIVERSITE DE MONS, 20, PLACE DU PARC, B-7000 MONS, BELGIUM 
E-mail address: Christopher . Grumiau@umons . ac . be (C. Grumiau) 



